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We deﬁne the Haagerup property for C∗-algebras A and extend this to a notion of relative
Haagerup property for the inclusion B ⊆A, where B is a C∗-subalgebra of A. Let Γ be
a discrete group and Λ a normal subgroup of Γ , we show that the inclusion Aα,r Λ ⊆
Aα,r Γ has the relative Haagerup property if and only if the quotient group Γ/Λ has the
Haagerup property. In particular, the inclusion C∗r (Λ) ⊆ C∗r (Γ ) has the relative Haagerup
property if and only if Γ/Λ has the Haagerup property; C∗r (Γ ) has the Haagerup property
if and only if Γ has the Haagerup property. We also characterize the Haagerup property
for Γ in terms of its Fourier algebra A(Γ ).
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In [11], Haagerup proved that the free groups Fn , 2 n +∞, satisfy the following condition: There exists a sequence
of positive deﬁnite functions {ϕk} on Fn such that
1) ϕk ∈ c0(Fn), ∀k;
2) limk→+∞ ϕk(g) = 1, ∀g ∈ Fn.
Many more groups were shown to satisfy the above conditions in [5,7,9]. This property is often referred to as the Haagerup
property. It was gradually realized that the Haagerup property is equivalent to Gromov’s a-T-menability [10]. There has been
a lot of interest in studying these groups lately. We refer to the recent book [5] for a comprehensive account on this subject.
A similar Haagerup property has been considered for ﬁnite von Neumann algebras in [1,3,6,8,13,15]. It was shown in [6]
that if L(Γ ) is the group von Neumann algebra associated to a countable discrete group Γ , then L(Γ ) has the Haagerup
property as a von Neumann algebra if and only if Γ has the Haagerup property as a group. In [3,13,15], the deﬁnition of the
Haagerup property was extended from single algebras to inclusions of algebras. It was shown in [3] that if Λ is a normal
subgroup of the countable discrete group Γ , then the inclusion L(Λ) ⊆ L(Γ ) has the relative Haagerup property if and only
if the quotient group Γ/Λ has the Haagerup property as a group.
We introduce a Haagerup property for an arbitrary unital C∗-algebra admitting a faithful tracial state in Section 2. This
allows us to express the Haagerup property for an arbitrary countable discrete group in terms of its reduced group C∗-
algebra. In Section 3, we extend the deﬁnition of Haagerup property from a single C∗-algebra case to the relative case
of inclusions of C∗-algebras. Our main result shows that if Λ is a normal subgroup of the countable discrete group Γ ,
the inclusion A α,r Λ ⊆ A α,r Γ has the relative Haagerup property if and only if the quotient group Γ/Λ has the
Haagerup property. There is currently no analogue in the ﬁeld of ﬁnite von Neumann algebras. In the last section, we
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characterization is theoretically possible follows from Walter’s result [16].
In everything that follows we always consider separable metric spaces, separable Hilbert spaces and countable discrete
groups.
2. Haagerup property for C∗-algebras
In the following we ﬁrst recall some facts about crossed products. Let Γ be a discrete group and A be a unital C∗-
algebra. An action of Γ on A is a group homomorphism α from Γ into the group of ∗-automorphisms on A. A C∗-algebra
equipped with a Γ -action is called a Γ -C∗-algebra. For a Γ -C∗-algebra A, we denote by Cc(Γ,A) the linear space of ﬁnitely
supported function on Γ with values in A. A typical element S in Cc(Γ,A) is written as a ﬁnite sum
S =
∑
s∈Γ
ass,
where as ∈ A. We equip Cc(Γ,A) with an α-twisted convolution product and ∗-operation as follows: for S =∑s∈Γ ass,
T =∑t∈Γ btt ∈ Cc(Γ,A), we deﬁne
S ∗α T =
∑
s,t∈Γ
asαs(bt)st and S
∗ =
∑
s∈Γ
αs−1
(
a∗s
)
s−1.
Note that when A = C and the action α is trivial, we simply recover the group ring C[Γ ]. Now the question is: how shall
we complete Cc(Γ,A)? Just as for group C∗-algebras, there are two natural choices, a universal and reduced completion.
A covariant representation (u,π,H) of the Γ -C∗-algebra A consists of a unitary representation (u,H) of Γ and a ∗-
representation (π,H) of A such that usπ(a)u∗s = π(αs(a)) for every s ∈ Γ and a ∈ A. For a covariant representation of
(u,π,H), we denote by u × π the associated ∗-representation of Cc(Γ,A).
Deﬁnition 2.1. The full crossed product of a C∗-dynamical system (A,α,Γ ), denoted by A α Γ , is the completion of
Cc(Γ,A) with respect to the norm
‖x‖u = sup
∥∥π(x)∥∥,
where the supremum is over all cyclic ∗-homomorphisms π : Cc(Γ,A) → B(H).
To deﬁne the reduced crossed product, we begin with a faithful representation A ⊆ B(H). Deﬁne a new representation
π : A → B(H ⊗ 2(Γ )) by
π(a)(v ⊗ δg) = αg−1(a)(v) ⊗ δg,
where {δg}g∈Γ the canonical orthonormal basis of l2(Γ ). Under the identiﬁcation H ⊗ l2(Γ ) ∼=⊕g∈Γ H we have simply
taken the direct sum representation
π(a) =
⊕
g∈Γ
αg−1(a) ∈ B
(⊕
g∈Γ
H
)
.
For all elementary tensors we can check that(
I ⊗ λΓ (s)
)
π(a)
(
I ⊗ λΓ (s)∗
)
(v ⊗ δg) = π
(
αs(a)
)
(v ⊗ δg).
Hence we get an induced covariant representation (I ⊗ λΓ ) × π , called a regular representation.
Deﬁnition 2.2. The reduced crossed product of a C∗-dynamical system (A,Γ,α), denoted by A α,r Γ is deﬁned to be the
norm closure of the image of a regular representation Cc(Γ,A) → B(H ⊗ l2(Γ )). For notational simplicity, we often abuse
notation slightly and denote a typical element x ∈ Cc(Γ,A) ⊆ A α,r Γ as a ﬁnite sum x =∑s∈Γ asλΓ (s).
Let τ be a faithful tracial state on a unital C∗-algebra A. By the GNS-construction, τ deﬁnes an A-Hilbert bimodule,
denoted by L2(A, τ ), which has a unit central vector ξτ ∈ L2(A, τ ) such that τ (a) = 〈aξτ , ξτ 〉 for all a ∈ A. More precisely,
let
N = {a ∈ A: τ (a∗a)= 0}.
N is a two-sided ∗-ideal in A. For each a ∈ A, we often denote the associated vector a+N by aτ . Deﬁne an inner product
on the quotient A/N by
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(
b∗a
)
.
Let L2(A, τ ) be the Hilbert space completion of A/N . Let ξτ = I + N , we have
τ (a) = 〈a + N , I + N 〉
= 〈aξτ , ξτ 〉, ∀a ∈ A.
We also denote by ‖ · ‖2,τ the associated Hilbert norm on A (we simply write ‖ · ‖2 when τ is ﬁxed and when there is no
danger of confusion). Thus for each a ∈ A,
‖a‖2 = ‖aτ ‖ = τ
(
a∗a
)1/2  ‖a‖.
If Φ : A → A is a unital completely positive map such that τ ◦ Φ  τ , then Φ can be extended to a contraction TΦ :
L2(A, τ ) → L2(A, τ ) via the equality
TΦ(aτ ) = Φ(a)τ , ∀a ∈ A.
Indeed,∥∥TΦ(aτ )∥∥2 = ∥∥Φ(a)τ∥∥2
= τ (Φ(a)∗Φ(a))
 τ
(
Φ
(
a∗a
)) (
since Φ(a)∗Φ(a)Φ
(
a∗a
))
 τ
(
a∗a
)
(since τ ◦ Φ  τ )
= ‖aτ ‖2.
We say Φ is L2-compact if TΦ is a compact operator on L2(A, τ ).
Deﬁnition 2.3. Let A be a unital C∗-algebra admitting a faithful tracial state τ . We say that A has the Haagerup approx-
imation property with respect to τ (shortly A has the Haagerup property) if there exists a sequence {Φn}n1 of unital
completely positive maps from A into itself such that
1) τ ◦ Φn  τ and Φn is L2-compact for every n;
2) For every a ∈ A, ‖Φn(a) − a‖2 → 0 as n → +∞.
The following lemma will be needed in the proof of Theorem 2.5.
Lemma 2.4. 1) Assume that A is a unital separable C∗-algebra with a faithful tracial state τ and there exist a sequence of unital
C∗-algebras An, each of which has the Haagerup property with respect to faithful tracial states τn, and the following approximately
commutative diagram of unital completely positive maps
An
Tn
A
Sn
A
which τn ◦ Sn  τ , τ ◦ Tn  τn and∥∥Tn ◦ Sn(a) − a∥∥2 → 0, ∀a ∈ A.
Then A has the Haagerup property with respect to τ .
2) Suppose thatA has the Haagerup property with respect to a faithful tracial state τ . Then for each k ∈ N, Mk(A) has the Haagerup
property with respect to the induced trace τk.
Proof. 1) Suppose that A is separable with a countable dense subset {an: n  1}. Then for each n, the argument in (ii) of
Theorem 2.3 in [13] gives a unital completely positive map Φn : A → A such that Φn is L2-compact and satisﬁes∥∥Φn(a j) − a j∥∥2 < 1n for j = 1,2, . . . ,n.
Since ‖ · ‖2  ‖ · ‖ on A and ‖Φn‖ = 1, then for x ∈ A and  > 0, an 3 -argument gives ‖Φn(x) − x‖2 <  for all large
enough n. So A has the Haagerup property with respect to τ .
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with the conditions in Deﬁnition 2.3. So each
idMk ⊗ Φn : Mk(A) → Mk(A)
is a unital completely positive map with
τk ◦ (idMk ⊗ Φn) τk.
Indeed, for a = (aij) ∈ Mk(A) we have
τk ◦ (idMk ⊗ Φn)
(
a∗a
)= 1
k
∑
i, j
τ ◦ Φn
(
a∗i jai j
)
 1
k
∑
i, j
τ
(
a∗i jai j
)
= τk
(
a∗a
)
.
For a = (aij) ∈ Mk(A), we check that∥∥idMk ⊗ Φn(a) − a∥∥22,τk = ∥∥(φn(aij) − aij)∥∥22,τk
= 1
k
∑
i, j
∥∥Φn(aij) − aij∥∥22,τ
→ 0, as n → +∞.
In the following we will show that each idMk ⊗ Φn is L2-compact. We omit the suﬃx ‘n’ of Φn for simplicity. Deﬁne
Π : L2
(
Mk(A), τk
)→ L2(Mk, trk) ⊗ L2(A, τ )
by
Π(aτk ) =
∑
i, j
ei, j ⊗ (ai, j)τ , for any a = (ai, j) ∈ Mk(A).
We can check that for a = (ai, j) ∈ Mk(A),
‖aτk‖2 = τk
(
a∗a
)
= 1
k
∑
i, j
τ
(
a∗i, jai, j
)
=
∑
i, j
trk
(
e∗i, jei, j
)
τ
(
a∗i, jai, j
)
=
∥∥∥∥∑
i, j
ei, j ⊗ (ai, j)τ
∥∥∥∥2.
This implies that Π is an isometric isomorphism between L2(Mk(A), τk) and L2(Mk, trk)⊗ L2(A, τ ). Since Φ is L2-compact,
then for any  > 0 there exists a ﬁnite dimensional linear map Q on L2(A, τ ) such that∥∥TΦ(xτ ) − Q (xτ )∥∥  · ‖xτ ‖, ∀x ∈ A.
Now for any a = (aij) ∈ Mk(A), we can identify aτk with
∑
i, j ei, j ⊗ (ai, j)τ from the above isomorphism. So we have∥∥TidMk⊗Φ(aτk ) − idMk ⊗ Q (aτk )∥∥2 =
∥∥∥∥∑
i, j
ei, j ⊗ (TΦ − Q )
(
(ai, j)τ
)∥∥∥∥2
= 1
k
∑
i, j
∥∥(TΦ − Q )((ai, j)τ )∥∥2
 1
k
∑
i, j
2
∥∥(ai, j)τ∥∥2
= 2 · ‖aτk‖2.
Therefore Mk(A) has the Haagerup property. 
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preserving action α of a countable discrete group Γ . Through the result is a C∗-version of Proposition 3.1 in [13], the proof
is quite different from that of Proposition 3.1 in [13].
Theorem 2.5. If Γ is amenable and A has the Haagerup property, then Aα,rΓ has also the Haagerup property.
Proof. If Fn ⊆ Γ is a ﬁnite set for every n ∈ N, we deﬁne ϕn : Aα,rΓ → A ⊗min MFn (C) such that
ϕn
(
aλΓ (s)
)= ∑
p∈Fn∩sFn
α−1p (a) ⊗ ep,s−1p
and ψn : A ⊗min MFn (C) → Aα,rΓ such that
ψn(a ⊗ ep,q) = 1|Fn|αp(a)λΓ
(
pq−1
)
.
From the proof of Lemma 4.2.3 in [4], we know that ϕn , ψn are unital completely positive maps. First we want to show that
τn ◦ϕn  τ ′ , τ ′ ◦ψn  τn where τn and τ ′ are the induced traces of τ on A⊗min MFn (C) and Aα,rΓ respectively. For that,
let x=∑ xgλΓ (g) ∈ Aα,rΓ with xg = 0 except for ﬁnitely many g ’s. We have
x∗x =
∑
s
(∑
h
αh−1
(
x∗hxhs
))
λΓ (s),
and
τn ◦ ϕn
(
x∗x
)= τn(∑
s
∑
p∈Fn∩sFn
αp−1
(∑
h
αh−1
(
x∗hxh
))⊗ ep,s−1p)
= 1|Fn|
∑
p∈Fn
τ
(
αp−1
(∑
h
αh−1
(
x∗hxh
)))
= 1|Fn|
∑
p∈Fn
∑
h
τ
(
x∗hxh
)
= 1|Fn|
∑
p∈Fn
τ ′
(
x∗x
)= τ ′(x∗x),
where the third equality follows from that α is τ -preserving. To prove τ ′ ◦ ψn  τn , it follows from Lemma 4.2.1 in [4] that
we only need to check that for any set {ap}p∈Fn ⊆ A,
τ ′ ◦ ψn
( ∑
p,q∈Fn
a∗paq ⊗ ep,q
)
 τn
( ∑
p,q∈Fn
a∗paq ⊗ ep,q
)
.
But
τ ′ ◦ ψn
( ∑
p,q∈Fn
a∗paq ⊗ ep,q
)
= 1|Fn|τ
′
( ∑
p,q∈Fn
αp
(
a∗paq
)
λΓ
(
pq−1
))
= 1|Fn|
∑
p∈Fn
τ
(
a∗pap
)
= τn
( ∑
p,q∈Fn
a∗paq ⊗ ep,q
)
.
Secondly, since Γ is amenable, we can choose Fn as a Følner sequence and ϕn , ψn are the corresponding maps con-
structed above. Let x=∑ xgλΓ (g) ∈ Cc(Γ,A), we want to prove that∥∥ψn ◦ ϕn(x) − x∥∥2,τ ′ → 0.
Indeed,
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=
∥∥∥∥∑
g
( |Fn ∩ gFn|
|Fn| − 1
)
xgλΓ (g)
∥∥∥∥Aα,rΓ
→ 0,
since {Fn} is a Følner sequence and only ﬁnite many xg ’s are non-zero. Since ‖ · ‖2  ‖ · ‖ on the cross product and each
ψn ◦ ϕn is unital completely positive, so a routine /3-argument shows the convergence for general x in A α,r Γ .
Since A has the Haagerup property, Lemma 2.4 2) implies that A ⊗min MFn (C) has also the Haagerup property. From
above, we have the following approximately commutative diagram of unital completely positive maps
A ⊗min MFn (C)
ψn
A α,r Γ
ϕn
A α,r Γ
which τn ◦ ϕn  τ ′, τ ′ ◦ ψn  τn and∥∥ψn ◦ ϕn(x) − x∥∥2,τ ′ → 0, ∀x ∈ A α,r Γ.
1) in Lemma 2.4 shows that A α,r Γ has the Haagerup property. 
In the rest of this section, we will concern at the Haagerup property for reduced group C∗-algebras. Though the following
result may be obtained as a corollary of Theorem 3.4, we include a proof here in order to motivate the involved technical
argument in Theorem 3.4. The main idea of the following proof may be found in [6].
Theorem 2.6. Let Γ be a countable discrete group. Then the following properties are equivalent.
1) Γ has the Haagerup property;
2) The reduced group C∗-algebra C∗r (Γ ) has the Haagerup property;
3) The group von Neumann algebra L(Γ ) has the Haagerup property.
Proof. The equivalence of 1) and 3) was proved ﬁrst by Choda in [6]. So we only need to show the equivalence of 1) and 2).
1) ⇒ 2) Suppose that Γ has the Haagerup property and take a sequence {ϕi} of positive deﬁnite functions such that
ϕi(e) = 1, ϕi ∈ c0(Γ ) and ϕi → 1 pointwise. We deﬁne corresponding multipliers mϕi : C[Γ ] → C[Γ ] by
mϕi
(∑
t∈Γ
atλΓ (t)
)
=
∑
t∈Γ
ϕi(t)atλΓ (t).
By Theorem 2.5.11 of [4], the multipliers {mϕi } can be extended to unital completely positive maps from C∗r (Γ ) to C∗r (Γ ).
In the following, we will prove that the multipliers {mϕi } satisfy the conditions of the Haagerup property for C∗r (Γ ). Since
each ϕi vanishes at the inﬁnity of Γ , then for each k ∈ N, we have a ﬁnite subset F (k)i ⊆ Γ such that∣∣ϕi(t)∣∣< 1
k
, ∀t ∈ Γ \F (k)i .
Set, for each k ∈ N
m
ϕ
(k)
i
(∑
t∈Γ
atλΓ (t)
)
=
∑
t∈F (k)i
ϕi(t)atλΓ (t).
Then {m
ϕ
(k)
i
}+∞k=1 is a sequence of ﬁnite rank linear maps on C∗r (Γ ). For each x =
∑
t∈Γ atλΓ (t) ∈ C[Γ ] ⊆ C∗r (Γ ),
∥∥mϕi (x) −mϕ(k)i (x)∥∥22 =
∥∥∥∥ ∑
t∈Γ \F (k)i
ϕi(t)atλΓ (t)
∥∥∥∥2
2
=
∑
t∈Γ \F (k)
∣∣ϕi(t)∣∣2|at |2
i
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( ∑
t∈Γ \F (k)i
|at |2
)/
k2
 ‖x‖22/k2,
where τ is the canonical trace on C∗r (Γ ). Note that since multipliers mϕi , mϕki are contractive completely positive, so their
associated operators on L2(C∗r (Γ ), τ ) are contractive. Hence the norm ‖Tmϕi − Tmϕki ‖ is determined on the dense subspace
C[Γ ] of L2(C∗r (Γ ), τ ) and hence
‖Tmϕi − Tmϕki ‖
1
k
→ 0, as k → +∞.
Hence mϕi is L2-compact. Since for any t ∈ Γ , |ϕi(t)|  ϕi(e) = 1, so it is obvious that τ ◦mϕi  τ . Let c ∈ C∗r (Γ ) and
 > 0, then there is a ﬁnite subset F of Γ and elements at ∈ A (t ∈ F ) such that
‖x− xF ‖ 
3
,
where xF =∑t∈F atλΓ (t). Therefore, for each x ∈ C∗r (Γ ), we have∥∥mϕi (x) − x∥∥2  ∥∥mϕi (x) −mϕi (xF )∥∥2 + ∥∥mϕi (xF ) − xF∥∥2 + ‖xF − x‖2
 
3
+
(∑
t∈F
∣∣ϕi(t) − 1∣∣2|at |2) 12 + 3
< 
for suﬃciently large i, by the assumption for the sequence {ϕi}. Hence C∗r (Γ ) has the Haagerup property.
2) ⇒ 1) Assume that C∗r (Γ ) has the Haagerup property. Then there is a sequence {Φi}i1 of unital completely positive
maps from C∗r (Γ ) to C∗r (Γ ) which satisfy the conditions in Deﬁnition 2.3. For each i ∈ N, set
ϕi(t) = τ
(
λΓ (t)
∗Φi
(
λΓ (t)
))
,
ϕi(e) = 1. As in the proof of Theorem 12.2.15 of [4], we know that mϕi is a unital completely positive map from C∗r (Γ ) to
C∗r (Γ ). So Theorem 2.5.11 of [4] implies that ϕi is positive deﬁnite. For each t ∈ Γ , we have∣∣ϕi(t) − 1∣∣= ∣∣τ (λΓ (t)∗Φi(λΓ (t))− 1)∣∣
= ∣∣τ (λΓ (t)∗(Φi(λΓ (t))− λΓ (t)))∣∣

∥∥Φi(λΓ (t))− λΓ (t)∥∥2 → 0.
In the following we will show that each ϕi (i ﬁxed) vanishes at the inﬁnity of Γ . By the Cauchy–Schwarz inequality,∣∣ϕi(t)∣∣ ∥∥Φi(λΓ (t))∥∥2 = ∥∥TΦi (λΓ (t)τ )∥∥,
where {λΓ (t)τ } is the standard basis for L2(C∗r (Γ ), τ ). Now, it is a well-known and elementary fact that if T is a compact
operator on a Hilbert space with orthonormal basis {eμ}μ∈ then, given  > 0, there is a ﬁnite subset F of  such that
‖T (eμ)‖ <  for all μ ∈ \F . Thus it follows from the compactness of TΦi and the above argument that each ϕi vanishes
at the inﬁnity of Γ and Γ has the Haagerup property. 
3. Relative Haagerup property for C∗-algebras
We now extend the deﬁnition of the Haagerup property from the above single C∗-algebra case to the relative case of
inclusions of C∗-algebras, by using a similar strategy to the way notions of amenability and Property (T) were extended
from single algebras to inclusions of algebras.
Let 1 ∈ B ⊆ A be C∗-algebras, τ be a ﬁxed faithful trace on A, which acts by left multiplication on L2(A, τ ) in the GNS
representation of τ . Let xτ ∈ L2(A, τ ) be the appropriate vector for each x ∈ A. Suppose that there exists a τ -preserving
conditional expectation EB from A onto B. Let Φ : A → A be an EB-preserving B-bimodule unital completely positive
map. Then the Cauchy–Schwartz inequality Φ(x)∗Φ(x)Φ(x∗x), x ∈ A, yields the construction TΦ ∈ B(L2(A, τ )),
TΦ(xτ ) =
(
Φ(x)
)
τ
, x ∈ A.
The B-linearity of Φ yields TΦ(xτ ) = (Φ(x))τ = xτ , ∀x ∈ B; hence TΦ |L (B,τ ) = I L (B,τ ) . For a ∈ A, x ∈ B, we have2 2
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TΦ(aτ ), xτ
〉= τ (x∗Φ(a))
= τ (EB(x∗Φ(a)))
= τ (x∗EB(Φ(a)))
= τ (x∗EB(a))
= τ (EB(x∗a))
= τ (x∗a)
= 〈aτ , xτ 〉.
This implies that T ∗Φ(xτ ) = xτ , ∀x ∈ B. Therefore
TΦ =
(
I 0
0 T |L2(B,τ )⊥
)
subject to the orthogonal decomposition L2(A, τ ) = L2(B, τ ) ⊕ L2(B, τ )⊥ . We deﬁne eB = T EB , so for any x ∈ A, eB(xτ ) =
T EB (xτ ) = (EB(x))τ . Note that eB is just the associated projection from L2(A, τ ) onto L2(B, τ ). An operator aeBb, a,b ∈ A,
acts on L2(A, τ ) by
aeBbxτ =
(
aEB(bx)
)
τ
, x ∈ A.
Set
FB(A) =
{
T ∈ B′ ∩ B(L2(A, τ )): T =∑
i∈F
aieBbi, F ﬁnite set and ai,bi ∈ A
}
and let KB(A) be the norm closure of FB(A) in B(L2(A, τ )).
Deﬁnition 3.1. We say that the inclusion B ⊆ A has the relative Haagerup property if there exists a sequence {Φn}n1 of
EB-preserving, B-bimodule, unital completely positive maps from A to itself such that
1) limn→+∞ ‖Φn(x) − x‖2 = 0 for every x ∈ A;
2) TΦn ∈ KB(A) for all n.
Lemma 3.2. Suppose that A is a unital C∗-algebra with a faithful tracial trace τ and α is a τ -preserving action of a countable discrete
group Γ on A. If Λ is a normal subgroup of Γ , then the corresponding∑t∈Λ atλΛ(t) →∑t∈Λ atλΓ (t) extends to an isometric C∗-
algebraic embedding J : A α,r Λ → A α,r Γ. Moreover, there is a τ ′-preserving conditional expectation E from A α,r Γ onto the
range of this embedding and E(aλΓ (t)) = aλΓ (t) if t ∈ Λ and zero otherwise.
Proof. Let (u, idA,H) be a covariant representation. By Fell’s absorption principle (see Proposition 4.1.7 in [4]), we may
view Aα,r Γ as the C∗-algebra generated by A⊗ I and (u ⊗ λ)(Γ ). Similarly, Aα,r Λ is a C∗-algebra generated by A⊗ I
and (u ⊗ λ)(Λ). Let Q = Γ/Λ, thus Γ =⋃q∈Q Λtq is the decomposition of Γ into disjoint right cosets, where tq = 1 for
the trivial coset Λ. Then δstq → δs ⊗ δtq extends to a unitary from 2(Γ ) onto 2(Λ) ⊗ 2(Q ), so we have an identiﬁcation
l2(Γ ) ∼= l2(Λ) ⊗2 l2(Q )
such that
λΓ (t) = λΛ(t) ⊗ I, t ∈ Λ. (1)
Since A α,r Λ is a C∗-algebra generated by A⊗ I and (u ⊗ λ)(Λ), we can deﬁne J as the restriction of the ∗-isomorphism
x→ x⊗ I of B(H ⊗ 2(Λ)) into B(H ⊗ 2(Λ) ⊗ 2(Q )). Thus,
J
(∑
t∈Λ
atλΛ(t)
)
=
∑
t∈Λ
atλΛ(t) ⊗ I =
∑
t∈Λ
atλΓ (t).
Deﬁne an isometry V : H ⊗ 2(Λ) → H ⊗ 2(Λ) ⊗ 2(Q ) by
V (η) = η ⊗ δ1.
In particular, V (ξ ⊗ δs) = ξ ⊗ δs ⊗ δ1. Then we deﬁne
E(x) = J(V ∗xV ), ∀x ∈ A α,r Γ.
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and zero otherwise. 
In the following, we always set B = A α,r Λ for simplicity and EB the conditional expectation from A α,r Γ onto
B = A α,r Λ in Lemma 3.2.
Lemma 3.3. For each continuous normalized positive deﬁnite function ϕ˜ on Γ/Λ, there is an EB-preserving, unital completely positive
map Φ from A α,r Γ into itself such that
Φ(axb) = aΦ(x)b, ∀a,b ∈ B = A α,r Λ, x ∈ A α,r Γ.
Proof. For any g ∈ Γ , we can deﬁne ϕ(g) = ϕ˜(gΛ). Deﬁne
Φ : Cc(Γ,A) → Cc(Γ,A)
by
Φ
(∑
s∈Γ
asλΓ (s)
)
=
∑
s∈Γ
ϕ(s)asλΓ (s).
Suppose that x=∑s∈Γ asλΓ (s) ∈ Cc(Γ,A) is positive in Aα,r Γ . It follows from Corollary 4.1.6 of [4] that for any ﬁnite se-
quence s1, . . . , sn ∈ Γ , the operator matrix [α−1si (asi s−1j )]i, j ∈ Mn(A) is positive. So the Schur product [ϕ(si s
−1
j )α
−1
si (asi s−1j
)]i, j
is positive, as the pointwise product of two positive matrices [ϕ(si s−1j )]i, j and [α−1si (asi s−1j )]i, j (see Remark C.1.7 in [2]).
Again by Corollary 4.1.6 of [4], Φ(x) =∑s∈Γ ϕ(s)asλΓ (s) ∈ Cc(Γ,A) is also positive in A α,r Γ . This following natural
commutative diagram implies that Φ is a unital completely positive map,
Mn ⊗ (A α,r Γ ) Φn Mn ⊗ (A α,r Γ )
Mn(A) l⊗α,r Γ Φn Mn(A) l⊗α,r Γ
where (l ⊗ α)(g) = idMn ⊗ αg , ∀g ∈ Γ . Since ϕ(g) = 1, for any g ∈ Λ, it follows that EBΦ = EB . Now we only need to
check that Φ has B-bimodule property. By the continuity of multiplication and of Φ , we only need to check on elements in
Cc(Γ,A). Suppose that x=∑s∈Γ asλΓ (s) and a =∑t∈Λ btλΛ(t) in Cc(Γ,A), we have
Φ(ax) = Φ
( ∑
s∈Γ,t∈Λ
btαt(as)λΓ (ts)
)
=
∑
s∈Γ,t∈Λ
ϕ(ts)btαt(as)λΓ (ts)
and
aΦ(x) =
(∑
t∈Λ
btλΛ(t)
)(∑
s∈Γ
ϕ(s)asλΓ (s)
)
=
∑
s∈Γ,t∈Λ
ϕ(s)btαt(as)λΓ (ts).
Since sΛ = Λs = Λts = tsΛ, so ϕ(s) = ϕ(ts) and aΦ(x) = Φ(ax). Similarly Φ(xb) = Φ(x)b. 
The following theorem is the main result of this section.
Theorem 3.4. Let A be a unital C∗-algebra with a faithful tracial trace τ and let α be a τ -preserving action of a countable discrete
group Γ on A. If Λ is a normal subgroup of Γ , then the inclusion A α,r Λ ⊆ A α,r Γ has the relative Haagerup property if and
only if the quotient group Γ/Λ has the Haagerup property.
Proof. Necessity. Suppose that the inclusion A α,r Λ ↪→ A α,r Γ has the relative Haagerup property, and let {Φn}n1 be
as in Deﬁnition 3.1. Deﬁne ϕn : Γ → C by
ϕn(g) = τ
(
Φn
(
λΓ (g)
)
λΓ
(
g−1
))
.
For any ﬁxed n, clearly ϕn(e) = 1 and the positivity of τ yields
m∑
i, j=1
aia¯ jϕn
(
g−1j gi
)= m∑
i, j=1
τ
((
a¯ jλΓ (g j)
)
Φn
(
λΓ
(
g−1j
)
λΓ (gi)
)
aiλΓ
(
g−1i
))
 0
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so for g ∈ Γ , g0 ∈ Λ we have
ϕn(gg0) = τ
(
Φn
(
λΓ (gg0)
)
λΓ
(
g−10 g
−1))
= τ (Φn(λΓ (g))λΓ (g−1))
= ϕn(g)
and
ϕn(g0g) = τ
(
Φn
(
λΓ (g0g)
)
λΓ
(
g−1g−10
))
= τ (λΓ (g0)Φn(λΓ (g))λΓ (g−1)λΓ (g−10 ))
= τ (Φn(λΓ (g))λΓ (g−1))
= ϕn(g).
Therefore ϕn(g0g) = ϕn(gg0) and so we can deﬁne ϕ˜n : Γ/Λ → C by
ϕ˜n(gΛ) = ϕn(g), ∀g ∈ Γ.
Indeed, if gΛ = hΛ, we have h−1g ∈ Λ. So by the above equations,
ϕ˜n(gΛ) = ϕn(g) = ϕn
(
h
(
h−1g
))= ϕn(h) = ϕ˜n(hΛ).
So ϕ˜n is also a positive deﬁnite function on Γ/Λ and ϕ˜n(Λ) = 1. For any g ∈ Γ , we have∣∣ϕ˜n(gΛ) − 1∣∣= ∣∣ϕn(g) − 1∣∣
= ∣∣τ (Φn(λΓ (g))λΓ (g−1))− 1∣∣
= ∣∣τ (Φn(λΓ (g))λΓ (g−1))− τ (λΓ (g)λΓ (g−1))∣∣
= ∣∣τ ((Φn(λΓ (g))− λΓ (g))λΓ (g−1))∣∣
= ∣∣〈Φn(λΓ (g))− λΓ (g), λΓ (g)〉2∣∣

∥∥Φn(λΓ (g))− λΓ (g)∥∥2 → 0, as n → +∞.
Finally, to show that Γ/Λ has the Haagerup property, it suﬃces to cheek that ϕ˜n vanishes at the inﬁnity of Γ/Λ. We set
B = A α,r Λ and ﬁx n and  > 0. Since TΦn ∈ KB(A α,r Γ ), there exist a1, . . . ,am in A α,r Γ and b1, . . . ,bm ∈ Cc(Γ,A)
such that∥∥∥∥∥TΦn −
m∑
i=1
aieBbi
∥∥∥∥∥ /2.
In particular,
sup
g∈Γ
∥∥∥∥∥Φn(λΓ (g))−
m∑
i=1
ai EB
(
biλΓ (g)
)∥∥∥∥∥
2
 /2. (2)
Let S be a complete system of representations in Γ for Γ/Λ. Now for any b =∑t∈Γ btλΓ (t) ∈ Cc(Γ,A), we get
b =
∑
t∈Γ
btλΓ (t)
=
∑
t∈Γ
λΓ (t)αt−1(bt)
=
∑
g∈S
λΓ (g)
( ∑
t∈gΛ
λΓ
(
g−1t
)
αt−1(bt)
)
=
∑
g∈S
λΓ (g)
( ∑
t∈gΛ
(
λΛ
(
g−1t
)⊗ I)αt−1(bt))
=
∑
λΓ (g)EB
(
λΓ
(
g−1
)
b
)
.g∈S
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‖b‖22 =
∥∥∥∥∑
g∈S
λΓ (g)EB
(
λΓ
(
g−1
)
b
)∥∥∥∥2
2
=
∑
g∈S
∥∥EB(λΓ (g−1)b)∥∥22 < +∞.
Let δ > 0. Then there exists a ﬁnite set Fb,δ ⊆ S such that∑
g∈S\Fb,δ
∥∥EB(λΓ (g−1)b)∥∥22  δ2. (3)
Let M = max1im ‖ai‖2, δ = 2(M+1)m and F =
⋃m
i=1 Fb∗i ,δ . For any g ∈ S\F , it follows from the inequalities (2) and (3)∣∣ϕn(g)∣∣= ∣∣τ (Φn(λΓ (g))λΓ (g−1))∣∣

∣∣∣∣∣τ
((
Φn
(
λΓ (g)
)− m∑
i=1
ai EB
(
biλΓ (g)
))
λΓ
(
g−1
))∣∣∣∣∣+
m∑
i=1
∣∣τ (ai EB(biλΓ (g))λΓ (g−1))∣∣
 
2
+
m∑
i=1
‖ai‖2
∥∥EB(biλΓ (g))∥∥2
= 
2
+
m∑
i=1
‖ai‖2
∥∥EB(λΓ (g−1)b∗i )∥∥2
 
2
+
m∑
i=1
M

2(M + 1)m
< .
This implies that ϕ˜n ∈ c0(Γ/Λ) and so the quotient group Γ/Λ has the Haagerup property.
Suﬃciency. Suppose that the quotient group Γ/Λ has the Haagerup property. So there exists a sequence of normalized
positive deﬁnite functions {ϕ˜n} on Γ/Λ that vanish at the inﬁnity of Γ/Λ and such that limn ϕ˜n(gΛ) = 1, for all gΛ ∈ Γ/Λ.
We can deﬁne ϕn : Γ → C by
ϕn(g) = ϕ˜n(gΛ), ∀ ∈ Γ.
It is routine to check that ϕn(e) = 1, ϕn is a positive deﬁnite function on Γ and
ϕn(gg0) = ϕn(g0g), lim
n
ϕn(g) = 1, ∀g ∈ Γ, g0 ∈ Λ.
By Lemma 3.3, there exists a sequence {Φn}n1 of EB-preserving, B-bimodule, unital completely positive maps from
A α,r Γ to itself. In order to check limn ‖Φn(x) − x‖2 = 0, ∀x ∈ A α,r Γ , note that, since ‖TΦn‖  1, it is enough to
consider only the case x= aλΓ (s), a ∈ A1 and s ∈ Γ . Now we compute∥∥Φn(aλΓ (s))− aλΓ (s)∥∥22 = ∥∥(ϕn(s) − 1)aλΓ (s)∥∥22
= (ϕn(s) − 1)2τ (λΓ (s−1)a∗aλΓ (s))
= (ϕn(s) − 1)2τ (a∗a)→ 0, as n → +∞.
We also need to show TΦn ∈ KB(A α,r Γ ). For simplicity of notation, we ﬁx n and denote ϕ = ϕn , Φ = Φn . Let S be
a complete system of representations for Γ/Λ in Γ . Let S1 ⊆ S2 ⊆ · · · ⊆ S be an increasing sequence of ﬁnite sets whose
union equals S , and set for each m 1
Tm =
∑
g∈Sm
ϕ(g)λΓ (g)eBλΓ
(
g−1
)
.
First, we want to show that Tm ∈ B′ = (A α,r Λ)′ . By linearity and continuity, we only need to check that for x= bλΓ (t) ∈
Cc(Γ,A) ⊆ A α,r Γ ,
λΓ (g)eBλΓ
(
g−1
)
aλΛ(g0)xτ = aλΛ(g0)λΓ (g)eBλΓ
(
g−1
)
xτ
with g, t ∈ Γ , g0 ∈ Λ and a,b ∈ A. Now we have
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(
g−1
)
aλΛ(g0)xτ = λΓ (g)EB
(
λΓ
(
g−1
)
aλΛ(g0)bλΓ (t)
)
= λΓ (g)EB
(
λΓ
(
g−1
)
aαg0(b)λΓ (g0t)
)
= λΓ (g)EB
(
αg−1
(
aαg0(b)
)
λΓ
(
g−1g0t
))
=
{
aαg0(b)λΓ (g0t) = aλΛ(g0)bλΓ (t), if g−1g0t ∈ Λ;
0, if g−1g0t /∈ Λ;
and
aλΛ(g0)λΓ (g)eBλΓ
(
g−1
)
xτ = aλΛ(g0)λΓ (g)EB
(
λΓ
(
g−1
)
bλΓ (t)
)
= aλΛ(g0)λΓ (g)EB
(
αg−1(b)λΓ
(
g−1t
))
=
{
aλΛ(g0)λΓ (g)αg−1(b)λΓ (g
−1t) = aλΛ(g0)bλΓ (t), if g−1t ∈ Λ;
0, if g−1t /∈ Λ.
Since Λ is normal in Γ and g0 ∈ Λ, so
g−1g0t ∈ Λ ⇔ t ∈ Λg−10 g = Λg ⇔ g−1t ∈ Λ.
Therefore Tm ∈ B′ = (A α,r Λ)′ .
Secondly, we need to check that Tm → TΦ in the operator norm. Let x =∑t∈Γ atλΓ (t) ∈ Cc(Γ,A) ⊆ A α,r Γ . From the
proof of necessity, we have
x =
∑
g∈S
λΓ (g)EB
(
λΓ
(
g−1
)
x
)
and so
‖x‖22 =
∑
g∈S
∥∥EB(λΓ (g−1)x)∥∥22 < +∞.
It follows that for any  > 0, there exists k() 1 such that∥∥∥∥x− ∑
g∈Sk
λΓ (g)EB
(
λΓ
(
g−1
)
x
)∥∥∥∥2
2
=
∥∥∥∥ ∑
g∈S\Sk
λΓ (g)EB
(
λΓ
(
g−1
)
x
)∥∥∥∥2
2
=
∑
g∈S\Sk
∥∥EB(λΓ (g−1)x)∥∥22
 2‖x‖22, ∀k k().
Since ϕ˜ vanishes at the inﬁnity of Γ/Λ, there exists a subsequence {km} such that supg∈S\Skm |ϕ(g)|  1m . Pick an m  1,
and choose that k() km . We have
‖TΦxτ − Tkmxτ ‖ =
∥∥Φ(x)τ − Tkmxτ∥∥
=
∥∥∥∥∑
g∈S
ϕ(g)λΓ (g)EB
(
λΓ
(
g−1
)
x
)− ∑
g∈Sm
ϕ(g)λΓ (g)EB
(
λΓ
(
g−1
)
x
)∥∥∥∥
2

∥∥∥∥ ∑
g∈S\Sk()
ϕ(g)λΓ (g)EB
(
λΓ
(
g−1
)
x
)∥∥∥∥
2
+
∥∥∥∥ ∑
g∈Sk()\Skm
ϕ(g)λΓ (g)EB
(
λΓ
(
g−1
)
x
)∥∥∥∥
2
 ‖x‖2 +
( ∑
g∈S\Skm
∣∣ϕ(g)∣∣2∥∥EB(λΓ (g−1)x)∥∥22)
1
2

(
 + 1
m
)
‖x‖2.
Therefore ‖TΦ − Tkm‖ 1m and TΦ ∈ KB(A α,r Γ ). This implies that the inclusion A α,r Λ ⊆ A α,r Γ has the relative
Haagerup property. 
Corollary 3.5. Let Λ be a normal subgroup of Γ , then the inclusion C∗r (Λ) ⊆ C∗r (Γ ) has the relative Haagerup property if and only if
the quotient group Γ/Λ has the Haagerup property.
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if and only if Γ has the Haagerup property.
4. Haagerup property for discrete groups
The Haagerup property is a strong negation to Property (T), in that each of equivalent characterizations stands opposite to
a characterization of Property (T) [5]. Connes and Jones introduced the notion of correspondences for von Neumann algebras
in [8]. A correspondence of a von Neumann algebra M is a Hilbert space H endowed with two normal, commuting, unital
actions: one of M (denoted by (x, ξ) → xξ for x in M and ξ in H) and one of the opposite algebra M0 of M (denoted
by (y0, ξ) → ξ y). We refer the reader to [14] for more details on correspondences. Correspondences are analogous to group
representations in the theory of von Neumann algebras. At the group level, Jolissaint [12] deﬁne an ideal Bin(Γ ) of the
Fourier–Stieltjes algebra B(Γ × Γ ): Bin(Γ ) is the subset of elements ϕ in B(Γ × Γ ) such that ϕ(g, ·) and ϕ(·,h) belong
to the Fourier algebra A(Γ ) for all ﬁxed g,h ∈ Γ . Moreover, the set T A(Γ ) of element ψ of A(Γ ) which is constant on
conjugacy classes embeds naturally in Bin(Γ ) by: ϕψ(g,h) = ψ(gh−1). Denote by Bin+(Γ ) (resp. T A+(Γ )) the subset of
elements of Bin(Γ ) (resp. T A+(Γ )) which are positive deﬁnite. In [12], Jolissaint characterized Property (T) in terms of
functions in Bin+(Γ ) and T A+(Γ ). In this section, we will give a characterization of Haagerup property for a discrete
group Γ which is strong opposite to Jolissaint’s result.
The following result is Proposition 3.2 in [12] which is essential to our main theorem in this section.
Lemma 4.1. For any ϕ in Bin+(Γ ) there exists a unique binormal positive form on its von Neumann algebra L(Γ ), still denoted by ϕ ,
such that
ϕ(g,h) = ϕ(λΓ (g) ⊗ λΓ (h−1)0)= 〈λΓ (g)ξϕλΓ (h−1), ξϕ 〉
for all g,h in Γ , where ξϕ denotes the cyclic vector of the correspondence Hϕ associated to ϕ .
Deﬁnition 4.2. Suppose that ϕ ∈ Bin+(Γ ), if the function deﬁned by
ψ(g) ϕ(g, g), g ∈ Γ,
belongs to the abelian C∗-algebra c0(Γ ), we say ϕ ∈ Bin0(Γ ).
Theorem 4.3. Let Γ be a countable discrete group. Then the following are equivalent:
1) Γ has the Haagerup property;
2) There exists a sequence {ϕn}n1 of functions in Bin0(Γ ) converging pointwise to a non-zero element of T A+(Γ ).
Proof. 2) ⇒ 1) Suppose that there exists a sequence {ϕn}n1 of functions in Bin0(Γ ) converging pointwise to a non-zero
element ϕ of T A+(Γ ), we may assume that ϕ(1,1) = ϕn(1,1) = 1 for all n. Denote by Hn the correspondence given by
Lemma 4.1 and denote by ξn the corresponding unit cyclic vector in Hn . The associated representation πn of ϕn on Hn is
deﬁned by
πn(g)ξ = λΓ (g)ξλΓ
(
g−1
)
, g ∈ Γ, ξ ∈ Hn.
Thus
ψn(g)  ϕn(g, g)
= 〈πn(g)ξ, ξ 〉
→ ϕ(g, g) = 1 (since ϕ ∈ T A+(Γ )).
Therefore the abelian C∗-algebra c0(Γ ) possesses an approximate unit of normalized positive deﬁnite functions and this
implies that Γ has the Haagerup property.
1) ⇒ 2) The ideas of the proof are from Theorem 2 in [8] and Theorem 4.3 in [12]. Suppose that Γ has the Haagerup
property, so there exists a c0 unitary representation (π,H) of Γ which weakly contains the trivial representation 1Γ . Thus
there exists a sequence of unit vectors {ξn} in H such that〈
π(g)ξn, ξn
〉→ 1, ∀g ∈ Γ. (4)
We associate a correspondence with π as in [8] and [12]. Denote by Hˆ the Hilbert space 2(Γ ) ⊗ H endowed with the
actions:
λΓ (g) · ( f ⊗ η) = λΓ (g) f ⊗ π(g)η
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( f ⊗ η) · λΓ (g) = f λΓ (g) ⊗ η
for g ∈ Γ , f ∈ 2(Γ ) and η ∈ H. Hˆ is a correspondence of L(Γ ). Let us denote ξˆn = δ1 ⊗ ξn ∈ Hˆ and deﬁne {ϕn} in Bin+(Γ )
by
ϕn(g,h)
〈
λΓ (g)ξˆnλΓ
(
h−1
)
, ξˆn
〉
= 〈λΓ (g)δ1λΓ (h−1)⊗ π(g)ξn, δ1 ⊗ ξn〉
= 〈λΓ (g)δ1λΓ (h−1), δ1〉 · 〈π(g)ξn, ξn〉
= χ(g,h)
〈
π(g)ξn, ξn
〉
= χ(g,h)ϕn(g,h),
where χ is the characteristic function of the diagonal group  in Γ × Γ . Since π is a c0 unitary representation, it follows
from the above equations that ϕn ∈ Bin0(Γ ). Therefore the above equations and Eq. (4) show that
ϕn(g,h) → χ(g,h), g,h ∈ Γ.
It is obvious that χ ∈ T A+(Γ ). 
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